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CURRENT AUTOMATED DESIGN LOOP
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\

\

N\ Grid deformation Design /
variables _-

@ Various tools each being complex and belonging to a specific
field, e.g.:
o CAD tools;
e simulation tools...
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ISOGEOMETRIC AUTOMATED DESIGN LOOP
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@ Loop entirely built on a CAD basis;
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ISOGEOMETRIC AUTOMATED DESIGN LOOP
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solution \

/ CAD Modeler elements
/
! Optimized Volumetric
| New Design NURBS elements modeler
NURBS optimizer
domain
\ Volumetric NURBS domain
N modeler NURBS ;

variables _-
—

@ Loop entirely built on a CAD basis;

@ all the processes can be merged.
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@ Introduction

o Partial Differential Equations
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PARTIAL DIFFERENTIAL EQUATIONS

o Assuming z = [x,t] = [z1,...,2,] ", aij = a;j(2),

@ the form of a generic second-order PDE is:

ou\ <~ (0 du
_ Z 97 (a,-jazj>+z <8z, (b; u)+c,821>+aOU—f Vz € O,

ij=1 i=

@ equipped with adequate boundary conditions.
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PARTIAL DIFFERENTIAL EQUATIONS

o Assuming z = [x,t] = [z1,...,2,] ", aij = a;j(2),

@ the form of a generic second-order PDE is:

(0 du
_Zaz, <3”62>+Z <8z, (bu)+c,821>+aOU—f Vze O,

ij=1 i=

@ equipped with adequate boundary conditions.

The strong or classical solution of this problem is a solution
u (z) which satisfies all the equations.
It is not possible to find a solution in general.
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THERMAL CONDUCTION PROBLEM

Strong form of the problem

Find v : Q — R so that

V(k(x)Vu(x))=1f(x), VxeQ, givenf:Q—R
u(x)=gp(x), Vxe€lp,gp:Tp—R
(X):gN(X), VXEFN, gN:FN—>R
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THERMAL CONDUCTION PROBLEM

Weak form of the problem

Find u so that

a(v, ) =1(¢), Vo € HL(Q), v e HL (Q)
v(x) =0, Vx €Tp

v (x) = gn (x), Vxelp, gp:Tp—R 7
“(X)W(X)Zg/v(x), Vxeln, gv:Ty—R
u(x)=uv(x)+vy(x), Vx € Q

a(v,p) = // kVuVpdx,
Q
I(p) = // (fo—kVAVp)dx — / rkgnedr.
Q N
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@ Introduction

@ Galerkin method
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GALERKIN METHOD

o Approximate the space: V = H} (Q) ~> Vi .
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GALERKIN METHOD

o Approximate the space: V = H} (Q) ~> Vi .
e We rewrite the equation a(v,v) = /(v), Vv € V with
a(v;hp,v) =1/(v), Vv e Vh’p:span{v,,,n:O,...,Nh,p—l} cV

where v (x) = Z,{V:hb”_l Djvj.
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GALERKIN METHOD

o Approximate the space: V = H} (Q) ~> Vi .
e We rewrite the equation a(v,v) = /(v), Vv € V with

a(v;hp,v):l(v), Yv € Vh’p:span{v,,,n:O,...,Nh’p—l}CV

where v (x) = Z,{V:hb”_l Djvj.

@ In this space any function can be written as the linear
combination of the basis functions as

Njy p—1 Npy p—1
a Z oivi,vi | = Z a(vi,vj)oi=1(v),j=0,...,Npp—1.
i=0 i=0
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GALERKIN METHOD

o Approximate the space: V = H} (Q) ~> Vi .
e We rewrite the equation a(v,v) = /(v), Vv € V with

a(vhp,v) =1(v), Ve Vy,=span{vy,n=0,... Np,—1} C V

where v (x) = Z,{V:hb”_l Djvj.

@ In this space any function can be written as the linear
combination of the basis functions as

Njy p—1 Npy p—1
a Z oivi,vi | = Z a(vi,vj)oi=1(v),j=0,...,Npp—1.
i=0 i=0

@ The result is a linear system of equations which can be written
in the matrix form Sy , Ty, = Fp .
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ISOPARAMETRIC CONCEPT

Both Isogeometric Analysis and the Finite Element Method are
based on the

Isoparametric concept

The same basis functions used to define the geometry are used to
define the approximated solution.
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Finite Element Method

FINITE ELEMENT METHOD (1)

Step 1: Approximation of the domain with a
piecewise-polynomial boundary.
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FINITE ELEMENT METHOD (1)

Step 1: Approximation of the domain with a
piecewise-polynomial boundary.

Step 2: The approximated domain is subdivided into N,
elements forming the mesh.
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FINITE ELEMENT METHOD (1)

Step 1: Approximation of the domain with a
piecewise-polynomial boundary.

Step 2: The approximated domain is subdivided into N,
elements forming the mesh.

Step 3: As a consequence of the approximation, the
domains of the functions defining the boundary
conditions need to be modified.
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Finite Element Method

FINITE ELEMENT METHOD (1)

Step 1: Approximation of the domain with a
piecewise-polynomial boundary.

Step 2: The approximated domain is subdivided into N,
elements forming the mesh.

Step 3: As a consequence of the approximation, the
domains of the functions defining the boundary
conditions need to be modified.

Step 4: The space V of the solutions has to be redefined
with a new space V), , where the basis functions are
associated with the nodes of the elements and are
piecewise-polynomials of degree p.
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FINITE ELEMENT METHOD (2)

Step 5: The weak formulation can be rewritten using the
approximations presented so far:

Npp—1

Z 17;// kVv;Vvjdx =
i=0 Qp

// (fvj —6VYhp ij) dx +/ KgN,hv;dS,
Qp M'n,h

j=0,...,Npp—1.
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ISOPARAMETRIC ELEMENTS

Let xk,, : K — K,, be of the form
Np p—1

XKy (&) = vEx
i=0

(m)

where x; is the i*" node of the element /. If the element
interpolation function can be written as

Np p—1

Uh,p(&): Z V,i"(ﬁi

i=0

the element is said to be isoparametric.
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Finite Element Method

RESULTING MODEL (1)

The left-hand side of the equation of the linear system can be

written as:
Npp—1 My,

> @,-Z// KV Vvidx =
i=0 m=1 m

. iavi("’)'agﬁ’”) e
‘ O&s Oxp, '

=1

oel™ ’ ~ (Dxk, \ 7!
Oxp _1_ D¢ '

)

where:
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Finite Element Method

RESULTING MODEL (2)

The right-hand side turns out to be:

Mh. Mh p
Z // (fvj — HV’Yh,pVVj) dx + Z / _ kgnpvdl =
m=1 Km m=1 I'N,,,ﬁKm

Mh,p

Mp,

+ Zp/ ((alg,\,,,, vj) o YRmmrD,h) () dt.

m=1 Kmf,v,,,
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© Isogeometric Analysis
@ CAD basis functions
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B-SPLINES basis functions (1)

A B-spline basis functions is defined as:

N[O({):{ i £i§§<’£i+1

0, otherwise

NP(8) = 2o et () b el (),

- i+1
itp —&i Civpt1 —&iv1 T

where = = [&, ..., &m] is the knot vector.
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B-SPLINES basis functions (2)
[ Definition |

Definition

A knot vector of the form

= a,...,a,§p+1,...,§m_p_1,b,...,b
SN—— S——

p+1 p+1

where p is the degree and m is the number of elements of the knot
vector, is said to be non-periodic or clamped or open.

Derivatives of B-spline basis functions:

e (6) = (Nf"l"k‘” (& ey (5)) |

ivp —&i Sivpr1 —&iv1
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B-SPLINES basis functions (3)

Example of basis functions of degrees p =0,1,2,3,4,5
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B-SPLINES

B-spline curve:

B-spline surface:

n m

SEm =YY NN (n)Pij a<&<b.

i=0 j=0
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NURBS basis functions (1)

A NURBS basis function is defined as:
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NURBS basis functions (2)

Derivatives of NURBS basis functions:

ONP " ON? (€)
w; ég(g) W (&) = NP (&) w; - ('% ws
IR? (£) =0

S (W ()

W= N (©)w.
i=0
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NURBS'S (1)

NURBS curve:

C) =) RP(OP;, a<E<h
i=0

NURBS surface:

S(¢ ZZR""’ &n)Pij, a<é<b.

i=0 j=0
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NURBS'S (2)

Definition
NURBS solid-

n

m |
SENO)=Y DY RPY(EnOPiju a<E<h.

i=0 j=0 k=0
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T-SPLINES

o Generalization of NURBS's;
o local refinement;
@ backwards-compatible with NURBS;

Figure: On the left car model designed using T-splines, on the right the
same exact model is converted to a NURBS-based model.
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OVERVIEW OF ISOGEOMETRIC ANALYSIS

@ The mesh is defined by the product of knot vectors.

e Knot spans subdivide the patch into elements.
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OVERVIEW OF ISOGEOMETRIC ANALYSIS

@ The mesh is defined by the product of knot vectors.

e Knot spans subdivide the patch into elements.

@ The support of the basis functions is small (just like basis
functions used in FEM). This leads to sparse matrices.
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OVERVIEW OF ISOGEOMETRIC ANALYSIS

@ The mesh is defined by the product of knot vectors.

e Knot spans subdivide the patch into elements.

@ The support of the basis functions is small (just like basis
functions used in FEM). This leads to sparse matrices.

@ The isoparametric concept is invoked: the solution field is
defined by using the same basis functions used to describe the
geometry.

e The DOFs are the control points.
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OVERVIEW OF ISOGEOMETRIC ANALYSIS

@ The mesh is defined by the product of knot vectors.

e Knot spans subdivide the patch into elements.

@ The support of the basis functions is small (just like basis
functions used in FEM). This leads to sparse matrices.

@ The isoparametric concept is invoked: the solution field is
defined by using the same basis functions used to describe the
geometry.

e The DOFs are the control points.

@ Boundary conditions are applied like in FEM.
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TRANSFORMATION TO THE PARAMETRIC SPACE

According to the isoparametric concept, the same basis functions
used for the geometry (we used B-splines for instance) are used to
build the solution field. Therefore, it can be expressed with

=33 NP ()
i=0 j=0

and the geometrical map used to map points from the physical
space to the parametric space is:

ZZN’”’(M P;j € S,

i=0 j=0

where £ = [¢,1]" € Q@ =[0,1] x [0,1] C R2.
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{h, p, hp, ph}-REFINEMENTS

h-refinement: this kind of refinement is performed by the knot
insertion procedure;

p-refinement: this kind of refinement is performed in IGA by the
degree elevation procedure;

hp-refinement: this kind of refinement is performed by by knot
insertion followed by degree elevation;

ph-refinement: this kind of refinement is performed by degree
elevation followed by knot insertion.
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EXAMPLE OF h-REFINEMENT ON CURVES

(@) ©

1.5 1.5
1 1
0.5 0.5
> 0 > 0
-0.5 -05
| -1
-15 -15
-1 0 1 -1 0 1
X X
(b) (d)
1 1
0.8 0.8
< 2
i 06 i 06
= 04 L o04
- %4 A a4 A
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EXAMPLE OF h-REFINEMENT ON SURFACES
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Numerical examples

NUMERICAL EXAMPLE (1)

Example

Example of solutions using FEM and IGA of the problem

9

V(Vu(x))=1, VxecQ, givenu:Q >R
u(x) =0, Vx € 00

where the domain is first a square plate, and then the same plate
with a hole in a corner.
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Numerical examples

SOLUTION ON SQUARE PLATE

cokr-u

Figure: Solution using FEM with 25 nodes on the left, IGA with 25 nodes
on the right.
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Numerical examples

SOLUTION ON SQUARE PLATE WITH HOLE
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Numerical examples

SOLUTION ON SQUARE PLATE WITH HOLE WITH IGA
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Numerical example (1)
Numerical example (2)

Ny Numerical example (3)
Numerical examples

DEFINITION OF THE PROBLEM

Example of solutions using FEM and IGA of the problem

(V(Vu(x))=1, ¥VxeQ, givenu:Q—R

u(x) =0, Vx €lpo={x|x(&n) =x,£=0,n€0,1]}
u(x) =1 Vx elpy = {xx(5n) =x,§ =1,7€[0,1]}
u(x) =2, Vx €Tpp={x|%(&n) =x,§ €[0,1],n =1}
\%:9& Vx € Ty = {x|% (£,1) = x,£ € [0,1], = 0}

(1)
where the domain is first a square plate, and then the same plate
with a hole in a corner.
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Numerical examples

SOLUTION ON SQUARE PLATE

Figure: Solution using 121 nodes.

L. Carlon, Supervisor: Prof. M. Morandi Cecchi Approximation, Finite Elements, Isogeometric Problems



Numerical example (1)
Numerical example (2)
Numerical example (3)

Numerical examples

SOLUTION ON SQUARE PLATE WITH HOLE

Figure: Solution using 144 nodes.
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@ Numerical examples

@ Numerical example (3)
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Numerical example (3)

Numerical examples

DEFINITION OF THE PROBLEM

Example

Example of solutions using FEM and IGA of the problem

V (2xI,Vu(x)) =20x, Vx€Q
u(x) =1, Vxelp’

where the domain is first a square plate, and then the same plate
with a hole in a corner.
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Numerical example (3)

Numerical examples

h-REFINEMENT BY KNOT INSERTION (9 NODES)

h-refinement on square plate

1
09
1 1
08
07 08 08
06
=05 06 06
04
0.4 04
03
. m ° 02
01
o 0 0
0 0.2 0.4 06 08 1
x
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Numerical example (2)
Numerical example (3)

Numerical examples

h-REFINEMENT BY KNOT INSERTION (81 NODES)

h-refinement on square plate
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Numerical example (2)

Ny Numerical example (3
Numerical examples ple (3)

h-REFINEMENT BY KNOT INSERTION (361 NODES)

h-refinement on square plate

] N, W
"o v.' ,',i,',hignml\\‘\:\‘\\“‘ "‘
L
T fi i\‘\l\:‘}‘_‘_‘,‘,ﬂ‘.‘nﬂ J
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Numerical example (3)

Numerical examples

h-REFINEMENT BY KNOT INSERTION (16 NODES)

h-refinement on square plate with hole
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Numerical examples

h-REFINEMENT BY KNOT INSERTION (100 NODES)

h-refinement on square plate with hole
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Numerical example (1)
Numerical example (2)
Numerical example (3)

Numerical examples

h-REFINEMENT BY KNOT INSERTION (400 NODES)

h-refinement on square plate with hole
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